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A Model of DNA Knotting and Linking
Dorothy BUCK and Erica FLAPAN
Abstract. We present a model of how DNA knots and links are formed as a result of
a single recombination event, or multiple rounds of (processive) recombination events,
starting with an unknotted, unlinked, or a (2, m)-torus knot or link substrate. Given
these substrates, according to our model all DNA products of a single recombination
event or processive recombination fall into a single family of knots and links.

1. Introduction
Since their discovery in the late 1960s, DNA knots and links have been implicated
in a number of cellular processes [6, 23, 28–31, 40, 41]. The variety of DNA knots and
links observed has made biologically separating and distinguishing these molecules a
critical issue. While DNA knots and links can be visualized via electron microscopy
[15, 27, 33, 34, 45], this process can be both difficult and time-consuming. So topological
methods of characterizing knotted and linked DNA can be helpful.
Topological techniques have already played a role in identifying DNA knots and
links. Notable uses include the node number for knots [8], the Jones polynomial for
catenanes [1], and the work of Schubert for 4-plats [43]. Furthermore, Ernst and
Sumners have developed the tangle model of recombination [18] to describe the action
of a particular class of proteins – the site-specific recombinases – in terms of tangle
sums. Building on the experimental work of Wasserman and Cozzarelli [41, 42] and
Conway’s theory of tangles [7], Ernst and Sumners used their tangle model to make
predictions—later experimentally verified—about how the recombinase Tn3 resolvase
interacts with DNA [18]. The tangle model has since been used to determine various
features of protein-DNA interactions for a number of specific proteins (see for example
[2–4, 9–14, 16–21, 24–26, 32, 35–39, 44]).
Rather than focusing on a specific recombinase as many earlier studies have done,
we present a topological model that predicts which knots and links can be the products
of site-specific recombination in general. We do this by describing the topology of how
DNA knots and links are formed as a result of a single recombination event, or multiple
rounds of (processive) recombination, starting with a substrate consisting of an unknot,
an unlink, or T (2, m) (i.e., a (2, m)-torus knot or link). Our model relies on only three
assumptions. We give biological evidence for each of these assumptions in the longer
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version of this paper [5]. In that paper, we also present a topological argument that all
knotted or linked products brought about in this way, fall into a single family of knots
and links which we characterize.
Our work complements earlier work [35] which used the tangle model [18] and several biologically reasonable assumptions to solve tangle equations, and subsequently
determine which 4-plat knots and links arise as a result of site-specific recombination
on the unknot. Our model goes further in that, in addition to the unknot, we allow
substrates that are the unlink and T (2, m). Furthermore, our assumptions concern
only the biology of the recombination process – in particular, we do not assume the
tangle model holds or that all products are 4-plats. Finally, we put no limits on the
crossing numbers of the products we allow.
1.1. Background and Terminology. During site-specific recombination, two molecules
of the site-specific recombinase bind to each of two specific DNA sites of approximately
30-50bp. We refer to these sites as the crossover sites. We use the term recombinase
complex to describe the convex hull of the four bound recombinase molecules and the
two crossover sites. If the recombinase complex meets the substrate precisely in the
two crossover sites (as the examples in Figure 1 do) then we refer to the recombinase
complex as a productive synapse.

B
B

B

Figure 1. In these examples the recombinase complex B meets the
substrate in the two crossover sites (highlighted in black).
Note that using our terminology, an enhancer sequence is neither a crossover site
nor a part of a crossover site. If a recombinase has an enhancer sequence which is not
sequestered from the crossover sites, then there is no productive synapse ( for example
see Figure 2). Tranposases such as Tn5 and Tn10 have no productive synapse because
their enhancer sequences are intertwined with the active transposition sites [22].
2. Our assumptions
We start with a recombinase together with a substrate, which is an unknot, unlink,
or T (2, m) (see Figure 3). Let J denote the substrate(s) after synapsis.
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enhancer

Figure 2. In this example a productive synapse does not exist.

m

unknot

unlink

T(2,m)

Figure 3. We consider these types of substrates.
We make three assumptions about the recombinase-DNA complex, which we state
below both biologically and mathematically. Biological evidence for these assumptions
is provided in [5].
(Biological) Assumption 1: The recombinase-DNA complex has a productive synapse,
and there is a projection of the crossover sites which has at most one crossing between
the sites and no crossings within a single site.
(Mathematical) Assumption 1: There is a ball B, containing the convex hull of
the four recombinase molecules, which meets J in two arcs, and there is a projection
of B ∩ J which has at most one crossing between the two arcs, and no crossings within
a single arc.
A spanning surface for a substrate is a surface which is bounded by the substrate. If
J is an unknot, unlink, or J = T (2, m), then we require our spanning surface for J to
be one disk, two disjoint disks, or a twisted annulus respectively. Figure 4 gives some
examples of spanning surfaces.
(Biological) Assumption 2: There is a spanning surface for the substrate(s) whose
interior is not pierced by the productive synapse. Also, no knots are trapped in the
branches of the DNA on the outside of the productive synapse.
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J = unknot
D = disk

J = unlink
D = two disks

B
B

J = T(2,m)
D = twisted annulus

Figure 4. Examples of spanning surfaces D for a substrate J.
It follows from Assumption 2 that examples like those in Figure 5 cannot occur.

D
C

B

B
C

D

Figure 5. On the left every spanning surface for J is pierced by B, and
on the right there is a knot in the branches outside of B.
In order to restate Assumption 2 mathematically, we introduce some terminology.
Consider a planar surface together with a finite number of arcs whose endpoints are
on the boundary of the surface. We can obtain a new surface by replacing each arc
in the surface by a half-twisted band within a regular neighborhood of the arc in R3 .
Figure 6 illustrates how such a surface can be obtained from an annulus together with
a collection of arcs. Any surface that can be obtained from a planar surface in this
way is said to be a planar surface with twists. The surfaces in Figure 4 are all planar
surfaces with twists.

Figure 6. We obtain a planar surface with twists by replacing each arc
by a half-twisted band within a regular neighborhood of the arc in R3 .
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Let C = cl(R − B), where cl denotes a region together with its boundary. Suppose
that D is a spanning surface for J. We say that D∩C is unknotted, if there is an isotopy
fixing B which takes D ∩ C to a planar surface with twists. For example, D ∩ C is
unknotted for each of examples in Figure 4. By contrast, D ∩ C is knotted in the
examples in Figure 5. We shall use the notation ∂ to denote the boundary of a region.
Observe that in Figure 4, D ∩ ∂B consists of two arcs in each of the illustrations. This
is not the case for the illustration on the left in Figure 5. Using the above language we
restate Assumption 2 as follows.
(Mathematical) Assumption 2: There is a spanning surface D for J such that
D ∩ ∂B is two arcs and D ∩ C is unknotted.
Site-specific recombinases fall into two families, the serine and tyrosine recombinases.
Assumption 3 addresses the mechanism of these two recombinases separately.
(Biological) Assumption 3: Serine recombinase performs recombination via the
“subunit exchange mechanism.” This mechanism involves making two simultaneous
(double-stranded) breaks in the sites, rotating opposites sites together by 180◦ within
the productive synapse and resealing opposite partners. In processive recombination,
each recombination event is identical. After recombination mediated by a tyrosine
recombinase, there is a projection of the crossover sites which has at most one crossing
between the sites and no crossings within a single site.
(Mathematical) Assumption 3: Serine recombinase cuts each of the sites, adds a
crossing within B between the cut arcs on different sites, then reconnects. In processive recombination, each recombination event is identical. After recombination with a
tyrosine recombinase, there is a projection of the crossover sites which has at most one
crossing between the sites and no crossings within a single site.
3. Analysis of the possible DNA knotted and linked products
Our analysis in [5] proceeds in the following way. We suppose that all three assumptions hold for a particular recombinase-DNA complex starting with one of the given
substrates. We use Assumptions 1 and 2 to show that C ∩J must have one of the forms
illustrated in Figure 7. Then we determine the post-recombinant forms of B ∩ J for
tyrosine by using Assumption 3, and for serine by using Assumption 3 together with
the forms of B ∩ J given by Assumption 1. Finally, we glue each post-recombinant
form of B ∩ J to each form of C ∩ J in Figure 7 to obtain all possible products. In this
way, we show that all knotted and linked products of recombination are contained in
the family of knots and links illustrated in Figure 8.
By letting p, q, r, and/or s be 0 or 1 in Figure 8 as appropriate, we obtain the
five subfamilies illustrated in Figure 9. The knots and links in these subfamilies are
possible products of recombination as specified in the theorem. We use the notation
C(r, s) for a knot or link consisting of one row of r crossings and a non-adjacent row
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Form C2

Form C1

Form C4

Form C3
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m
J = unknot or
T(2,m)

J = unknot or
unlink

q

p
J = T(2,m) sites on
same component

r

J = T(2,m)

Figure 7. The possible forms for C ∩ J.
r
p

q

s

Figure 8. We show that all knotted and linked products of recombination are in this family.
of s crossings, and the notation K(p, q, r) for a pretzel knot or link with three rows
containing p crossings, q crossings, and r crossings.
Subfamily 2

Subfamily 1

Subfamily 4

Subfamily 3

1

1
r
p

0

T(2,p)

Subfamily 5
r

r
0

0

1

C(r,s)

s

p

q

s

K(p,q,s+1)

p

0

p
s

T(2,p) # T(2,s+1)

0

s

T(2,p) # C(r,s)

Figure 9. These subfamilies are contained in the family illustrated in
Figure 8.
In particular in [5], we prove the Theorem below.
Theorem. Suppose that Assumptions 1, 2, and 3 hold for a particular recombinaseDNA complex with substrate an unknot, unlink, or T (2, m). Then all non-trivial products are contained in the family of knots and links illustrated in Figure 8. Furthermore
if the substrate is an unknot or unlink then all non-trivial products are in Subfamilies
1 and 2 in Figure 9. In particular:
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Tyrosine recombinases: For an unknotted substrate, the only non-trivial products
are T (2, n) and C(2, s). For an unlinked substrate, the only non-trivial product is a
Hopf link.
Serine recombinases: For an unknotted substrate, the only non-trivial products are
T (2, n) and C(r, s). For an unlinked substrate, the only non-trivial product is T (2, n).
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